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Consider the neutral delay differential equation 
where P, q, 7, u,, and oZ are nonnegative constants. For 7 5 02, we prove that all 
nonoscillatory solutions of (E) are bounded if and only if: (C) The characteristic 
equation 
i+~~&~“‘+q(e~““‘-e ‘“2)=0 (*I 
of (E) has no positive roots and zero is a simple root if (*). We also prove that 
condition (C) is equivalent to 1 + p > q(a, - trz) if 7 5 e2. Moreover, for the case 
where 7 > uz. we show that (C) is a necessary and sufficient condition for every 
nonoscillatory solution x of (E) to be bounded or such that 
0 < lim inf i j’ I.+)[ ds 5 lim sup f JI Ix(s)1 ds < ZD. 
,+r f 0 I- 1( 
(: 1991 Academic Press. Inc 
1. INTRODUCTION 
A neutral delay differential equation is a differential equation in which 
the highest order derivative of the unknown function is evaluated both at 
the present state t and at one or more past states. From the point of view 
of applications, neutral delay differential equations appear as models of 
electrical networks which contain lossless transmission lines. Such networks 
arise, for example, in high speed computers, where lossless transmission 
lines are used to interconnect switching circuits (see [3, 151). 
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Recently there has been a lot of activity concerning the oscillation of 
solutions of neutral delay differential equations. See, for example, 
[ 1, 7, 9, 10, 11, 141. In these papers the oscillatory character of the solu- 
tions is determined by the roots of the characteristic equation. This is in 
contrast with the fact that the stability behavior is not determined by the 
characteristic roots. There are examples (see [3, 4, 13, 15, 161) of neutral 
equations with all the characteristic roots in the negative half-plane and yet 
the equation has unbounded solutions. 
Consider the neutral delay differential equation 
f [x(t)+px(t-r)]+q[x(t-a,)-x(2-a,)]=O, 
where P, q, T, aI, and ~~ are nonnegative constants. 
Let p=max{s, c,, o2 f. By a solution of (E) we mean a continuous real- 
valued function x on [ -p, co) such that x(t) + px(t - r) is continuously 
differentiable for t 2 0 and x(t) satisfies (E) for all t 2 0. Using the method 
of steps, it follows that for every continuous real-valued function cp on 
C-p, 0] there exists a unique solution x of (E) such that x(t) = q(t) for 
-p 5 t 5 0. For further questions on existence, uniqueness, and continuous 
dependence for neutral delay differential equations we refer to [2, 5, 6, 131. 
As it is customary, a solution of (E) is called oscillatory if it has 
arbitrarily large zeros. Otherwise it is called nonoscillatory. 
The characteristic equation of (E) is 
F(‘(3,) E I. + pie-” + q(e ‘W -e jnz) = 0. (*I 
It must be noted that the characteristic of the differential equation (E) is 
that zero is a root of (*), which means that any nonzero constant is a 
(bounded nonoscillatory) solution of (E). 
In this paper we deal with the nature of the nonoscillatory solutions of 
(E) in the case where the characteristic equation (*) has no positive roots 
and zero is a simple root of (*). More precisely, we prove the following 
theorems. 
THEOREM 1. Consider the neutral delay d$ferentiaI equation (E), where 
p, q, z, cl, and o2 are nonnegative constants, and assume that z 5 oz. Then 
the following statements are equivalent: 
(a) The characteristic equation (*) of (E) has no positive roots and 
zero is a simple root of (*). 
(b) l+p>do,-ad. 
(c) Ail nonoscillatory solutions of (E) are bounded. 
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THEOREM 2. Consider the neutral delay diflerential equation (E), where 
p, q, t, o, , and o2 are nonnegative constants, and assume that T > oz. Then 
the statement (a) of Theorem 1 is equivalent to the following one: 
(d) Every nonoscillatory solution x of (E) is bounded or such that 
O<li,mmffJbi ix(s)l drslimsupfjoi Ix(s)l ds < m. 
+ I+ x 
Our results are motivated by a recent result of Gyori, Ladas, and Pakula 
[ 123 concerning the oscillation of the unbounded solutions of (nonneutral) 
differential equations of the form 
x’(t)+q[x(t-al)-x(t-a,)]=O, (Eo) 
where q, a,, and aI are real numbers. It was shown in [ 121 that all non- 
oscillatory solutions of (E,) are bounded if and only if the characteristic 
equation 
(*Jo 
of (E,) has no positive roots and zero is a simple root of (*)O. An extension 
of this result for the more general case of the differential equation 
x’(t)+q,x(t-a,)+q2x(t-o2)=0, 
where ql, q2, CT,, and CT~ are real numbers, has been established by Farrel, 
et al. [8]. A discussion about the connection of our theorems with the 
result of [ 121 will be presented in Section 3. 
2. PROOFS OF THEOREMS 1 AND 2 
In order to prove our theorems, we need the following lemma. 
LEMMA. Let p, q, z, a,, and u2 be nonnegative constants and assume that 
condition (b) of Theorem 1 is satisfied. Moreover, let x be an unbounded 
positive solution of (E) and define 
where 
y(t) = j’ x(s) ds - Mt, t% -P, 
0 
M= x(0)+px(-T)-qJ^-ii2x(s)ds 
c 
[l+p-q(a,-o,)] 
-fit I:’ 
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and 
p=max{t. 0,, c2). 
Then y is a solution of(E) which is bounded jkom below and unboundedfrom 
above. 
Proof: Set 
X(t)=x(t)+px(t-i)-qjipC’x(s)ds. 
I -~ CT, 
t 2 0. 
Then from (E) it follows that X’(t) = 0 for t 2 0 and so we have X(t) = X(0) 
for every t 2 0. That is, 
x(t)+px(t-T)=K+q[‘m~m2x(s)du for all t 2 0, (1) ,- 4, 
where 
(2) 
By using (1) and (2), we obtain for t 2 0 
[Y(f) + PY([ - z)l’ 
= y’(t) + py’(t - t) = [x(t) - M] + p[x(t - t) - M] 
s 
I 02 
=4 x(s) ds - q(a, - aJM 
f-0, 
= -q m ~~“‘x(s)ds-A4(t-o,)]-[~;~~*x(s)ds-A4(t-o,)]} 
= -dA--o,)-At--*)I. 
This means that y is a solution of (E) and so 
y(t)+py(t-r)=k+qjrpV* y(s)ds for every t 2 0, (3) 
, CT, 
where 
R=y(O)+py(--z)-q j ly(s)ds. (4) 
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As x is positive and unbounded on C--p, m), it follows from (1) that 
G, > 02. Thus, by applying (3), we derive for every t 2 CJ, 
=g+Y” 
2 
(+a;)-qM(u,-u,)t+qj’ “‘[j<;x(u)d+ 
, 0, 
[j 
I ~ CT, 
X x(s)ds-M(t-a,) 
0 1 
and therefore 
y(t)+py(t--)~N+q(o,-a,)y(t-a,) for every tza,, (5) 
where 
On the other hand, we have 
y’(t)=x(t)-M> -A4 for tz -p, 
which gives 
y(t - T) 5 MT + y(t) for every t 2 0. 
Hence, 
v(t) + PY(t - T) 5 NT + (1 + PI Y(t) for all t 10. (6) 
Combining (5) and (6), we obtain 
Cl+ P) y(f) 2 R + do, - 02) A- ~1) for every t2a,, (7) 
where R = N - PMT. Assume now that y is not bounded from below. Then 
422 PHILOS AND SFICAS 
there exists a sequence (t,),,= ,,2 ,,,, of points in [o,, 00) with lim,, ~, t,, = x 
and such that 
lim ~(2,) = - rj and y(t,) = min y(s) (n = 1, 2, . ..). n-x II 5 .s 5 I,, 
Thus, by (7), we obtain for n = 1, 2, . . 
(1 +P) Y(L)zR+d ol--a,)Y(f~-~,)~R+q(~,-~,)o~~q, Y(S) 
= R + do, - ~2) ~(t,,). 
That is, 
C~+P-da,-a,)1 y(tn)ZR for all IZ = 1, 2, . . 
which, in view of condition (b), leads to a contradiction as n + a. So, the 
solution y is bounded from below. It remains to show that y is unbounded 
from above. Suppose, for the sake of contradiction, that y is bounded from 
above. Since y is also bounded from below, y(t - a,) - y(t - az) is bounded 
for t 2 0. But, we have for every t 2 0 
x(t)-(1 +p)A45 [x(t)+px(t-t)]-(1 +p)M 
= CY(~)+PA-~)l’= -qCY(t-fl,)-Y(t-~*)l. 
This guarantees that x is also bounded, a contradiction. So, the proof of 
our lemma is complete. 
We can now prove our theorems. 
Proof of Theorem 1. (a) 3 (b) We immediately see that F(a) = x. 
Hence, if the characteristic equation (*) has no positive roots and zero 
is a simple root of (*), then F’(0) = 1 + p - q(o, -a*) >O, that is 
1+ P>dU, -a*). 
(b) = (c) Let condition (b) be satisfied and assume, for the sake of 
contradiction, that there is an unbounded nonoscillatory solution x of (E). 
As the opposite of a solution of (E) is also a solution of the same equation, 
we may (and do) assume that x is eventually positive. Furthermore, since 
the differential equation (E) is autonomous, we can suppose without loss 
of generality that the solution x is positive on the whole interval [ -p, co), 
where p = max{z, gl, ~~1. Then, as in the proof of our lemma, we see that 
(1) holds, where K is defined by (2). As x is positive and unbounded, it 
follows from (1) that g1 > ~7~. Let now y be defined as in our lemma. Then 
the lemma guarantees that the function y is a solution of the differential 
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equation (E) which is unbounded from above. The solution y satisfies (3), 
where the constant g is defined by (4). Next, we set 
z(t) = 1; x(s) ds for t 2 -p. 
We have 
y(t) = z(t) - Mt, tz -p 
and so (3) gives 
z(t)+pz(t-r)=S+M[l +p-q(a,-o,)] t 
+qj’ “‘i(s)ds for all t 2 0, (8) 
I 0, 
where 
(9) 
But, z’(t) =x(t) > 0 for t >= -p and hence the function z is increasing on 
[ -p, x). Thus, by using (8) and taking into account the fact that 
(T, > (TV 2 T, we obtain for every t 2 0 
(l+p)z(t-~,)=z(t-~a,)+pz(t-a,)~z(t)+pz(t-t) 
=s+~[l +p-q(a,-o,)] tfqS’ “z(s)d.~ 
I ~~ 0,
sS+M[l+p-q(a,-oz)] t+q 
=S+M[l+p-q(a,-crz)] t+q((T,-cr*)Z(t--(TZ). 
This gives for t 2 0 
Cl +P-da,-~2)1 v(t-62) 
= Cl +p-q(cJ, -a2)l[z(t--(T2)-M(t-az)l 
5 s+ MC1 + p - q(fl, - cJz)l@z, 
which, in view of condition (b) and the fact that y is unbounded from 
above, leads to a contradiction. 
(c) =S (a) Equation (*) cannot have a positive root jU for otherwise, 
eir would be an unbounded nonoscillatory solution of (E). Also, zero must 
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be a simple root of (*). Otherwise, F’(0) = 0 and so 1 + p - q(a, - az) = 0. 
In this case, (E) has the unbounded nonoscillatory solution -u(t) = t, which 
is a contradiction. 
Proof of’ Theorem 2. The proof of the fact that (d) * (a) is very brief. If 
i, is a positive root of (*), then x(t) = r I’ is an unbounded nonoscillatory 
solution of (E) with lim,, ,(1/t) St Ill ds = CG. Moreover, if zero is a 
multiple root of (*), then we must have F’(0) = I + p - q(a, - c2) = 0 and 
hence (E) admits x(t) = t as a solution. This solution is unbounded, non- 
oscillatory and such that lim,, ,(1/t) j; Ix(s)~ ds = a. We have thus 
proved that, if (a) fails, then condition (d) is also not satisfied. 
Next, we will show that (a) 3 (d). Assume that condition (a) is satisfied 
and let x be an unbounded nonoscillatory solution of (E). We suppose. 
without loss of generality, that x is eventually positive. Furthermore, as (E) 
is autonomous, we may (and will) assume that x(t) > 0 for all t 2 -p, 
where p=max{z, rr,, 02}. As in the proof of our lemma, we introduce the 
constant K defined by (2) and then we verify that the solution x satisfies 
(1). Therefore, since x is positive and unbounded, it follows that 0, > 02. 
Consider next the function y which is defined as in our lemma. As in the 
proof of Theorem 1, we can see that condition (a) implies (b) and so the 
lemma says that y is a solution of (E) which is bounded from below and 
unbounded from above. Then (3) is satisfied, where k is a constant which 
is defined by (4). Set 
z(t) = 1; x(s) ds for tz -p. 
Then z’(t) =x(t) > 0 for t 2 -p and consequently the function z is increas- 
ing on the interval [ -p, m). Moreover, we have y(t) = z(t) - Mt, t 2 -p 
and so (3) implies (8) where S is given by (9). Furthermore, (8) gives 
z’(t)+pz’(t-t)=M[l +p-q(a,-o,)] 
+ qCz(t - az) - 4t - CJI )I for t20 (10) 
and hence we obtain 
z”(t)+pz”(t-z)=q[z’(t-a,)-z’(t-u,)] for all t20. (11) 
Next, we consider the sequence of functions (z,,),,=~,~,. defined as follows 
and 
z,(t) = z(t) for t2 -p 
z,(t)=z,p,(t)+pz,- &-r)+q/’ z,p,(s)ds 
f~ 02 
for tz(n-1)~ (n = 1, 2, . ..). 
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In the sequel, for convenience, when we write a functional inequality or 
equation, we shall mean that it holds eventually, that is, for all sufficiently 
large values of the argument t. 
We will first prove that for n = 0, 1, 
z,,(t) + pz,,(t - T) = A,[+ B,, + y j’- z,,(s) air, 
I 0, 
z:,(t)+ p~:,(r-t)=A,,+q[=,,(t-a,)-z,,(t-o,)] (13) 
and 
C(f) + PZ,:l(l- T) = q[z:,(t - 62) - $(t - o,)], (14) 
where A, and B,, are constants. If n =0, then from (8), (lo), and (I 1) 
it follows that (12), (13), ,and (14) are satisfied with A, = 
MC1 + p-4(0, -o*)] and B,= S. Suppose that (12), (13), and (14) are 
fulfilled fot some integer n 2 0. Define 
u,(t)=z,,(t)+pz,(t-t) and u,(t) = j’ z,,(s) d?. 
, 02 
Then, by using (14), we can immediately verify that 
(15) 
Moreover, by taking into account (13), we obtain 
U,:(t) + plJ;(t - r) 
=[z~,(t)-~:,(f-a,)]+p[z~(t-T)-z~(t-t-a~)] 
==[z:,(t)+pz~(t-s)]-[z~(t-~o,)+pz~(t-O~-T)] 
= {A.+q[z,(t-a,)-z,(t-a,)l} 
- {A.+qCz,,(r--~2)-Z,,(t--*-~1)1) 
= 4CGdf - 02) - z,,(t - 20*)1 - q[z,,(t- Cl I- z,(t - 01 - adI 
and consequently 
o;(l) + pv:(t - t) = y[v:(I - az) - @,(t - a,)]. (16) 
Combining (15) and (16) and taking into account the fact that 
z,+ I([) = 4?(t) + w,(t), 
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we can easily find 
This gives 
where A,+, is a constant. Furthermore, we observe that there exists a 
constant B,, , so that 
z,+,(~)+Pz,+,(~-~)=A,,+,~+B,+, +qj’?,~+,(s)d.~. 
f- 6, 
So, (12), (13), and (14) are also true for n + 1. Hence, by mathematical 
induction, (12), (13), and (14) are satisfied for all nonnegative integers n. 
It follows, by induction, that the functions z,~ (n = 0, 1, . ..) are eventually 
positive. Moreover, we have 
zl( t) > 0 (n = 0, 1, . ..). (17) 
In fact, one has z;(t) =2’(t) =x(r) > 0. Furthermore, if we assume that 
z:(t) > 0 for some integer n 2 0, then z, is eventually increasing and so we 
obtain 
z;, I(f) =zk(t) + pzL(t-7) + q[z,(t)-z,,(t- cT2)] ZzL(t) > 0. 
Hence, by mathematical induction, (17) is true. 
As x is positive and unbounded on C-p, cc), it follows from (1) that the 
function 
i 
f 02 
x(s) ds for tz0 
I-0, 
is unbounded. Therefore, 
i 
* 
x(s) ds = cc 
0 
which means that lim, j r z(t) = co. But, one has 
z,(t) L zn- l(t) (n = 1, 2, . ..) 
and so we can conclude that 
lim z,(t) = x (n = 0, 1, . ..). 
I-U (18) 
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Thus, for any integer n 2 0, we can suppose that (for all large t) 
A.-qz,,(t-a,)SO. 
Hence, by using (17) and (13) we derive for n = 0, 1, . . . 
--b(t) Szi,(t) + pz:,(t-z) = A,, + q[z,,(t -a*) -z,,(t- Cl)] 
54zn(O+ CA,,-qL,(t--,)l~qZ,(t) 
and so 
z;(t)-qz,(t)~O (n = 0, 1, . ..). (19) 
Because of (17), the last inequality guarantees that q > 0. 
Now, we define 
fl,={A>O:z~(t)-iz,(t)50) (n = 0, 1, . ..). 
For any nonnegative integer n, it follows from (19) that the positive num- 
ber q belongs to A,, and so /i,, # 0. Clearly, the sets A,, (n =O, 1, . ..) are 
subintervals of (0, co) with sup A, = m. Furthermore, we set 
A, = inf /i, (n = 0, 1, . ..). 
For every integer n 2 0, we have 
A,>0 implies 1, + , < %,,. (20) 
Indeed, fix an integer n 20 and suppose that %,>O. We observe that 
F(a) = co. Also, by condition (a), the equation F(2) = 0 has no positive 
roots. Hence. the number 
exists and is positive. Set 
m,=min {$,?( I +P+$ ‘}>O 
and consider an arbitrary A E A,,. Obviously, I. - m, 2 m, > 0. By using 
( 13), we obtain 
z:,+l(t)=z~(t)+pz~(t-~)+qCz,(t)-z,(t--a,)l 
= {A,+qCzn(t-az)-z,(t--a,)l) +4Cz,(f)--z,(t--o,)l 
=A,+qCz,(t)--z,(t--o,)l 
4091154.2-9 
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and so 
z:,+l(t)-(~-m,)z,+,(t)=A,+qCz,(t)-z,(t--o,)l-(~--m,) 
[ I 
I 
x z,,(~)+Pz,(~-~)+q z,(s) ds . (21) I ~ “2 1 
But, 1 E A, and consequently 
z;(t) - E”Z,( t)5 0. 
Thus, if we define 
(Pn(t)=ci’z,(t), 
then we have 
q~~(t)=e~“‘[z~(t)-lz,(t)]50, 
which means that the function (Pi is eventually decreasing. So, for any 
~20, we obtain 
i.e., 
e ~i(‘~‘i’)Z,(t--)=(P,(t-O)~(Pn(t)=e~i’Zn(t), 
z,( t - Q) 2 e “‘zn( t). 
Therefore, 
z,(t---o,)ze Lrrl~,(t) and z,(t-~)~e~“z,(t). (22) 
Furthermore, we obtain 
and consequently 
i 
I 
f-02 
z,(s) ds 2 i ( 1 - e A-“2) z,(t). 
By using (21), (22), and (23), we obtain 
(23) 
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z:,+ I(l) - (1 -&I z,, + I(f) 
5A,+qCz,,(f)-e ““‘z,(t)] - (i -m,,) 
x z,,(t)+pe~~“‘s,,(r)+$(l-e 
[ 
-iQ) :&)I 
=i 
A 
$)+dl --r -Lo])- (i-m,,) 
x l+pePi.’ 
[ 
+;(I -e-y 
11 
,-n(t) 
= 
i 
$- [I1+p~e~;-r+q(e-j.“l-e -h)] 
n 
+m, 1 +pe 
( 
+;e-+ 
11 
z,*(t) 
< A, 
1 
--~R+~~“~.“r+~(~-““i-~~“u’)] 
= z,(t) 
+m.(l+p+~)}r,,lr) 
[ 
A 
= "-F(l)+m, 
z,(f) 
(,.,+;)]i.w 
< An 
[ 
~-,,,m.(l+,+~)]z,,(~) 
= Z,,(f) 
+$-$1 z,~(t)=A+,(r). 
But, because of (18), we can assume that (for all sufficiently large t) 
So, we have 
A,,-;z,(t)sO. 
which means that i-rn,,~ A,, , . Since A E A,, is arbitrary, we obtain 
2 .+,-infA n + ,s A,, - m, < A,. Hence, (20) has been proved. 
Suppose that A,, > 0 for all n = 0, 1, . . . . Then from (20) it follows that the 
sequence (A,,), = 0, 1,... is strictly decreasing. Furthermore, we have 
lim i, = 0. (24) n-x 
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Indeed, let us assume that 
and set 
Y = In& F( %). 
- 
As F(I) = 0 has no positive roots and F(co) = ‘x;, it follows that r is a 
positive constant. Moreover, we put 
Next, consider a number E with O<E 5 m. Then there exists an integer 
n 2 0 such that 2, - 15 E. Let i be an arbitrary element of A,,. Then 
A -m 2 m > 0. By repeating the above procedure, we obtain 
zk+ ,(f) - (2 -ml z,+ l(t) 
and consequently 1. - m E A,, + , . So, we have A,, + ,s %, - m and hence 
This is a contradiction and so (24) is true. 
Next, we set 
CB=t-fSz and $= l+p 
da1 - g2)’ 
By the hypothesis that r > cr2, we have o > 0. Also, condition (b) guaran- 
tees that 9 > 1. If IV, = 0 for some integer n 2 0, then there exists an element 
A E /1, so that 
(25) 
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If jLn > 0 for all n = 0, 1, . . . . then (24) ensures the existence of an integer 
n >= 0 such that 
and so (25) is also satisfied for some LEA,,. Hence, in both cases there 
exists an integer n 2 0 such that (25) holds for some 1, E A,. Since j. E A,, 
the function cpJt) = e “‘z,(t) is eventually decreasing and consequently we 
can obtain 
z,,( t - w) 2 e Ac,Jzn( t). (26) 
On the other hand, (17) says that the function z, is eventually increasing. 
So, from (12) we obtain 
(1 +p)z,(t-I)~Z,,(t)+PZ,(t-~)=Alit+B,+q~~~~*Z,(S)ds 
I- 0, 
~A.t+B,+q(rr,-al)3,(t--*) 
and consequently 
(1 +P)z,(t--)~~A,t+(A.o*+B,)+q(a,-a,)z,(t). 
Therefore, 
Qz,(t - w) 5 A,* t + B,* + z,,(t), 
where 
A,*= A, 
do, -a,) 
and B*/Loz+Bn 
n da, - fJ*)’ 
So, by using (26), we obtain 
(Se-““‘-l)z,(t)sA,*t+B,*. 
In view of (25), the last inequality means that z,(t)/t is a function which 
is bounded from above. Since z,(t) 2 z(t), the function z(t)/t is also 
bounded from above, which guarantees that the solution x satisfies 
lim sup L J’ x(s) ds < cg. (27) 
I+% t 0 
Now, since y is bounded from below, there exists a constant Q such that 
y(t)=z(t)-MtzQ 
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and consequently 
lim inf ,-O 2 M. 
f t % t - 
Suppose that MS 0. Then -r(t) 2 z(t) and hence, by (18), we have 
lim,, r: y(t) = CD. Thus, 
lim ‘j’ 
r-Zf” 
y(s) ds = lim r(t) = ‘x. 
I- I 
This is a contradiction, since we have proved that lim sup, j cc (l/t) jb w(s) 
ds < CC for all unbounded positive solutions w of (E). So, we always have 
A4 > 0 and hence (28) gives 
(29) 
Finally, from (27) and (29) it follows that the solution x is such that 
O<li,ml;nrfl: [x(s)1 dsglim supf ji Ix(s)1 ds< a 
1--t T 
and the proof is complete. 
3. DISCUSSION 
As it has been mentioned in the Introduction, this paper was motivated 
by the recent nice work due to Gyiiri, Ladas, and Pakula [12] concerning 
the equation 
i(t)+q[x(t-o,)-x(t-az)]=O, (Eo) 
where q, 0, , and CS* are real constants. In [12], the equivalence of the 
following statements is proved. 
(I) The characteristic equation 
F,(i) E 3, + q(e mi0l -e iu2) = 0 (*Jo 
of (E,) has no positive roots and zero is a simple root. 
(II) All nonoscillatory solutions of (E,) are bounded. 
We observe that the lemma of the present work can be formulated and 
proved for Eq. (E,) in order to cover all values of the parameters q, g,, and 
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oz. In this way the proof of the equivalence of statements (I) and (II) in 
1121 can be shortened enough. Also with the help of such a lemma it can 
(not hardly) be proved that unless 
q’o and a,<O,a,>O (30) 
in all other cases statement (II) is equivalent not only to (I) but also to a 
condition which involves explicitly the real parameters q, G,, and oz. The 
case where (30) holds is faced in [ 121 via the theory of Laplace transforms. 
A fundamental point in proving the result in this case is the, fact that the 
characteristic equation F,(i) = 0 has finitely many roots which lie in a strip 
{d E C: h, 2 Re 2 s b2}. Since this assumption does not hold for the case of 
the characteristic equation F(i.) =O, it follows that the method used in 
[ 123 does not work for Eq. (E). Of course, the problem of whether or not 
the nonoscillatory solutions x of (E), for which the condition 
I.x(s)l ds < cc 
holds, are only the constant solutions remains unsolved. 
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